Towards an analysis of local optimization algorithms

Tassos Dimitriou!
Department of Computer Science
University of California

San Diego, CA 92093-0114
tassos@cs.ucsd.edu

Abstract

We introduce a variant of Aldous and Vazirani’s “Go
with the winners” algorithm that can be used for search
graphs that are not trees. We analyze the algorithm in
terms of the properties of a tree-decomposition of the
search graph. We show a large class of distributions
for search graphs so that “Go with the winners” works
well with high probability for almost all graphs from
the distribution. We also give a sufficient combinatorial
property that ensures good performance.

1 Introduction

Many commonly used optimization methods are based
on metaphors to either physical phenomena such as an-
nealing, or biological processes such as “survival of the
fittest”. In addition to the appeal of using methods
similar to those that make the “real world” work quite
impressively, these search methods have the intuitive
justification of combining a greedy approach, which at-
tempts to find better solutions by making small changes,
with randomization to prevent the algorithm from get-
ting into a “mental fix”.

These algorithms have been widely used and tested.
Intuitively the combination of randomness and local op-
timization would seem to give them some advantage over
either alone. However, their efficiency and effectiveness
have never been analyzed in a satisfactory manner. In
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particular, very little is known about the types of prob-
lems for which they perform well, the expected trade-
off between optimality of the solution found and time
spent searching, or how to set the various parameters
optimally.

“Go with the winners”, introduced by Aldous and
Vazirani, is loosely based on an asexual (no crossover)
version of genetic algorithms. Many particles randomly
search the solution space in parallel, trying to find better
and better solutions. Successful particles “reproduce”,
but unsuccessful particles “die out”. Their algorithm
was described only for trees, and was intended to be
used in combination with another search procedure such
as simulated annealing.

We present a modification of their algorithm which
can be directly used for general search graphs. It seems
simpler than algorithms that are more “scientifically
correct”, and easier to analyze, but with many of the
same benefits for optimization. We show that, for any
one of a large class of distributions on search graphs,
our version of “Go with the winners” finds an optimal
valued node in polynomial time (in the logarithm of the
number of nodes) with high probability for almost all
search graphs drawn from the distribution. We also
show that a certain combinatorial property, the exis-
tence of a tree decomposition with good expansion be-
tween layers, suffices for the algorithm to work well. Our
results help give combinatorial insight into which search
problems might be susceptible to a randomized search
algorithm, and suggest a simplification of these algo-
rithms, which, while less appealing in its connections
to the physical world, might be equally effective as an
optimization heuristic.

2 Go with the winners strategy
Let II be a maximization problem. A search graph Gp

for an instance of IT has nodes which represent possible
solutions to II. Two nodes are connected by an edge if



and only if one results from a local change performed
to the solution represented by the other. Furthermore,
there is a payoff function f defined on Gy, ie. if u
is a node of Gy then f(u) is the value of the solution
represented by wu.

From now on we will consider only problems whose
search graphs are layered. That is if u and v are neigh-
bors in Gy, then the values of their solutions satisfy
|f(u) — f(v)] =1 (maximum matchings belong to this
category). Later, in Section 7, we will see how to extend
our results to include arbitrary search graphs.

Many heuristics for optimization (local optimization,
metropolis, simulated annealing, genetic algorithms
without crossing) can be viewed as moving particles in
such a search graph. These heuristics are all (possibly
probabilistic) strategies for moving particles to neigh-
boring solutions or jumping particles to previously vis-
ited solutions. Moves are based on the values of explored
solutions and the goal is to find a node of large value.
However, very little is known about the time analysis of
such heuristics.

Here we analyze a “Go with the winners” strategy.
[AV] proposed “Go with the winners” as a modification
for simulated annealing. They modelled the state space
as a tree where a particle, representing some randomized
algorithm, is moving down from the root to a leaf of the
tree, choosing its path according to the probabilities the
algorithm assigns to each node of the tree. Since the
“cooling schedule” of finite simulated annealing can be
seen as a rule for taking a walk in a similar tree, the tree
model captures the effect of lowering the temperature.

By considering many particles instead of one and by
introducing interactions between those particles, they
were able to give an algorithm to find deep vertices on
trees with running time polynomial in A and &, where
h is the height of the tree and « is a measure of the im-
balance of the tree. The type of interaction was simply
to move each particle that is at a leaf to the position of
a randomly chosen particle that is not at a leaf. More
precisely,

“Go with the winners” algorithm for trees

e Stage 0: Start at the root of the tree with B parti-
cles. Move each particle to a child chosen at random
according to the transition probabilities.

e Stage i: Each of the particles is at depth i. If all
particles are at leaves, stop. Otherwise, move each
leaf particle to the position of a randomly chosen
non-leaf particle. Then move each particle to a
child chosen at random and proceed with the next
stage.

Given a search graph Gy for some maximization prob-
lem IT we reduce the problem of finding a good solution
for IT to that of finding a deep vertex in a tree 7p; de-
fined as follows. We let the nodes of 71 at depth d to
be all connected components S of Gy such that if u is a
node in S then f(u) > d, where f is the payoff function
associated with II.

To apply “Go with the winners” to a problem we don’t
need to construct 71y explicitly (search graphs Gy are
usually exponentially large and constructing 71y would
require at least exponential time). Instead we assume it
is possible to do the following in polynomial time: gen-
erate a random solution; given a solution x, compute
its value f(x); and given a solution x generate a list
of all its neighbors. We also assume that solutions are
known to have values between 1 and h and that a value
ig with Prob,[f(x) = ig] > 1/h is known. As before,
we work in stages maintaining the following invariant:
At the beginning of stage i every particle = is at level
i, i.e. f(x)=1i. The stages are very similar to the ones
defined above:

“Go with the winners” algorithm for layered
search graphs

e Stage ip — 1: Generate random solutions until B
solutions of value iy are found. Place particles on
each of these solutions. (This takes an expected Bh
uniform samplings and evaluations.)

e Stage i: We proceed in two phases. In the redistri-
bution phase, we first compute for each particle x
the down degree d,, which is the number of neigh-
bors y at the next level, i.e. f(y) = f(x)+1=i+1.
If all particles have down degree zero, i.e. they are
all in local maxima of f, then stop. Otherwise,
create B new particles and place each one, inde-
pendently, at a particle  from the previous stage
with probability d./ ", d,. In the randomization
phase, each new particle z is moved to a neighbor

of value ¢ + 1 chosen at random with probability
1/d,.

Go to the next stage.

The intuition for the above algorithm is that in the i-
th stage and beyond, we are implicitly deleting all nodes
of value less than ¢ from the graph. This divides the
graph into components. We want to have all compo-
nents receive particles in proportion to their size. The
redistribution phase will make sure of two things. First,
particles that are at leaves are distributed among non-
leaf particles since their down degree is zero. Second,
each component receives particles in proportion to the



number of nodes in all child components of value i + 1.
Then the randomization phase will make sure that each
component receives particles in proportion to its size.

The problem now is to derive a minimal set of con-
ditions so that every problem II whose search graph
Gy satisfies this set of conditions can be “easily solved”
with high probability using the “Go with the winners”
scheme. Our goal in the rest of the paper is to give some
such set of conditions although probably not minimal.
In the next section we define the tree corresponding to
a search graph and give a set of assumptions that we
make for the rest of the paper. In Section 4 we per-
form a probabilistic analysis of “Go with the winners”
and prove that the algorithm works well for almost all
search graphs with the above properties. In Section 5
we add an additional combinatorial property, namely
that every bipartite graph between a component and its
children has good expansion, which suffices for the al-
gorithm to work. In Section 6 we present an example
of a real problem that has the previous property and
prove that “Go with the winners” works well. Finally,
in Section 7 we extend our results to nonlayered search
graphs.

3 Assumptions

We now formally describe the assumptions we make
about the search graphs. The values of solutions give us
as much information as the connections between them,
so we will want to look at a representation of the graph
that also gives us information about the structure of the
values. Such a representation is a tree decomposition of
the graph, where every solution of value ¢ is assigned to
a node of depth i — iy in a tree representing “neighbor-
hoods” of related solutions, and all edges are between
solutions at a node and its parent. Intuitively, one would
get a tree-decomposition as follows:

We only look at those nodes of value ig or greater.
This separates the graph into different components and
we consider the subset of each component of value ig as
the root of a tree in a forest. For each such component
we consider how it breaks up after the nodes in the root
are deleted. The subsets of these components of value
19+1 are the children of the root. We proceed recursively
which gives us a tree decomposition of each component
where the nodes of value ¢ are at depth ¢ —ig of the tree.

However, this has the drawback of making each local
minimum, a solution with no better neighbors, a sep-
arate node of the tree. For non-trivial problems this
makes the tree exponentially large. We prefer to al-
low local minima to be put in with other “neighbor-
hoods” arbitrarily. So we do not assume that the tree-

decomposition used to describe the graph was obtained
following the intuitive approach, but instead allow any
tree-decomposition with certain combinatorial proper-
ties. Since both the search graph and the values can be
reconstructed from this tree decomposition we list the
assumptions that we make about the search graphs in
terms of this tree decomposition.

We let T be the underlying tree for a tree decompo-
sition where each node C of T is labelled by the set of
solutions from the search graph that belong to C. We
call this set the layer associated with C'. We also let
7 be the entire tree decomposition. In other words 7°
labels each edge of T with the induced bipartite graphs
between the layers of its endpoints.

We make the following assumptions about the com-
ponent tree T'. Denote by ng the number of solutions of
value d.

1. Let C be alayer at level d of T. Then |C| > ng/p(n)
for some polynomial p(n). (In particular this means
that the number of layers is bounded by a polyno-
mial and that two layers C,C’ have sizes that are
within a polynomial of each other.)

2. If a layer C is at depth d, then every solution in
C has e(d) neighbors in the parent layer, where
e(d) > 3.

3. Let D be a child of layer C. Then |C|/>", |D| > 1.

4. Consider the number of solutions at levels d—1 and
d of T. Then their ratio satisfies: ==+ < e(d).

Condition 1 seems to be necessary since if it wasn’t
true we would miss some components entirely. We
can probably weaken condition 2 considerably but that
would make the arguments more complicated. We need
condition 3 in the probabilistic analysis of the algorithm
to get an upper bound on the down degree of each par-
ticle. In a real problem IT the degree of each solution is
usually some polynomial on the size of the input, so this
condition doesn’t consitute a real restriction (for the ap-
proach we take in Section 7 this condition will always be
true). If condition 4 is not at least approximately true,
i.e. ng—1 >> e(d)ng, then almost all solutions would be
local maxima which would be bad for any local search
algorithm. Later, in Section 5 we will see that e(d) can
be replaced by any polynomial in the size of the input
provided the graph has certain combinatorial proper-
ties.

4 Probabilistic analysis

In this section we prove:
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Figure 1: Lines correspond to sets of random edges be-
tween the layers. A collection of bipartite graphs in (a)
is equivalent to a single bipartite graph in (b).

Theorem 1 Let e(d) be any given function with e(d) >
3, and let T be a tree with properties 1, 2 and 4. Let
T be a uniformly chosen labelling of T satisfying 3, i.e.
for each solution in a given layer at depth d we pick
e(d) random neighbors in the parent layer. Then the
modified “Go with the winners” algorithm, with B =
O(d2h8p2(n) In h) particles, where d = maxg e(d) + h is
the mazimum down degree of each particle, succeeds in
reaching depth h after O(hB) steps, with high probability
(over both the choice of T and the random moves of the
algorithm).

One thing to notice is that we can view a layer of the
tree together with its children as a single bibartite graph
since it is the union of a collection of random bipartite
graphs (Figure 1).

It will be helpful in the analysis to imagine the tree
T as being constructed one level at a time. Thus during
the first ¢ stages of the algorithm only the first ¢ levels
of the tree have been revealed while the rest remain hid-
den. It is only after the end of stage ¢ that the children
of a layer in level ¢ will be revealed. All we see before this
uncovering is a single bipartite graph between a compo-
nent and the union of its children. This is fine because
the algorithm works in stages and particles never exceed
depth ¢ during the i-th stage of the algorithm.

So, intuitevely, the analysis argues that the algorithm
maintains the following invariant: the B particles are
independently and uniformly distributed among the so-
lutions of value ¢. In particular B is large, so all compo-
nents have many particles. However, the particles are
not quite independent due to a process we call “clus-
tering”, where many particles are placed in the same
solution. If the particles, while advancing to deeper lev-
els of 7, start forming clusters and the size of these
clusters tends to become unbounded then the algorithm
will be no better than a simple random walk. We will
bound the size of clusters in Lemma 4. Let x;(x) be the
number of particles at the same solution as = at stage i
of the algorithm.

4.1 Analysis

In the rest of this section we will prove the main lemma,
which shows that particles remain distributed among
the layers at level ¢ almost in proportion to their sizes.
Denote by No and Mg the number of particles in layer
C before and after the redistribution phase respectively,
and by Child(C') the set of children of layer C. Let r; =
/"’ =1/(6h2+1), k; = ie2h2, §; = 2ie~B/cd*h*p*(n)
for some small constant ¢ > 1.

Lemma 1 At the beginning of stage i, with probability
at least 1 — 6;, no cluster has size greater than x; and
for any two layers C and C' at the i-th level of T,
Lo Xe ., 9 1)
r; |C'] = N |C]
Proof: The proof is by induction on i. Initially, all
particles are uniformly distributed to solutions of level
ip, so with high probability, all layers get roughly their
share of particles, and all clusters are single particles.
Assume the lemma is true for stage i > ig. We first
prove that after the redistribution phase, all layers have
particles in proportion to the sum of the sizes of their
children (Lemma 2). Then we show that in the random-
ization phase of stage ¢, the number of particles in any
two layers D and D’ at the ¢ + 1-th level of T is pro-
portional to their sizes (Lemma 5). Lemma 1 will then
follow from combining the two and a simple calculation.
O

Corollary 1 With probability at least 1 — 6;
B_ ] ]
—=—~+7 < Nec <rniB=——+7,
i 2o |C] byl

where the sum is taken over all layers C' at level i.

Proof: We just use Lemma 1 and note that B =
ZC’ Ner. O

We now give a series of lemmas that will be used to
prove Lemma 1.

Lemma 2 Assume at the beginning of stage i, each
layer C at level © has Ng particles in it and no
At the end of
the redistribution phase, with probability at least 1 —

p(n)e’o‘23/c‘22h4p(”), the number of particles in any two
layers C' and C' will satisfy
1 (1 — a>2 > pecniacc) 1P| o Mc
L+a) Y precniaen D'~ Mo —
v (1 + a>2 > pechia(c) [Pl

cluster has more than k; particles.

T

L—a) Y pecniae 1P|



where d = emax; e(i) + h and ¢ some constant greater
than 1.

Proof: Consider a particle x € C' before the redistri-
bution phase of stage i. In order to get an estimate on
M¢, the number of particles in C' after the redistribu-
tion phase, we must first get a bound on ) . d, since
C will receive particles in proportion to this number.

If there weren’t any clusters this would be the sum of
N¢ independent random variables each with mean equal
to the average down degree of layer C, uc = e(i + 1)
> pecnid(c) [P|/IC], since the i-th level of the tree has
not been revealed yet. What is true however is that even
though particles form clusters, these clusters will still be
independently distributed random variables with values
in [1, ,ch] Using Chernoff bounds,

Pr|| Z d,—Ncopc| > aNopc] < ef(o‘Nc”C/d'”)z/Nc
xeC
< e—ach/dzm?

where d is the maximum down degree of any particle
in C. In order to get an estimate on this probability
we must upper bound both d and k;. We do this in
Lemmas 3 and 4. Using Corollary 1 to lower bound N¢
by B/r;p(n) and summing over at most p(n) layers in
level i, this probability is at most

p(n)efazB/riize4h4dA2p(n).

After redistribution, the new number of particles in
any layer C is given by

erc dm

Mc=(1+a)B

(2)

with probability 1 — p(n)ef(aB Dec sl 22, dy)Q/B,
where the p(n) factor comes because we are considering
all layers at level i. Lower bounding }° . d./ >, dy by
1/12p(n), the probability is at least 1—p(n)e=2"B/12p(n).
Using (2) the ratio of particles after redistribution of any
two layers C' and C” will satisfy:

Mo = 1-aY,code
_ (1 +a>2 Nejie
- 1-—a/ Neipc
< . <1 + a>2 > pecniae) 1P|
- '\l-a/) Ypecniaen 1Pl

To obtain the lower bound on M¢a/Mer we work simi-
larly. The total success probability of this phase will be
at least 1 fp(n)e’o‘zB/Cd%élp(”) for some constant ¢ > 1.
O

Lemma 3 Let d be the mazimum down degree of any
particle in C. With probability at least 1 — Be™", d <
emax; e(i) + h.

Proof: Since clusters are independently distributed, the
down degree of each cluster in C will be a Poisson dis-
tributed random variable with mean equal to pc, the av-
erage down degree of C. Therefore, the probability that
the down degree has value £ is given by ,u’é/k:!e_“c <
(euc/k)Fe=rc. Choosing k = euc + h and summing
over all B particles this probability becomes exponen-
tially small, at most Be™". Since puc < e(i + 1) (Con-
dition 3 of Section 3), the maximum down degree d is
at most emax; e(i) + h. (In a real combinatorial opti-
mization problem II the number of the neighbors of each
solution is usually some polynomial on the size of the
input. Then we can set d to be that polynomial and
Condition 3 is no longer necessary.) |

Lemma 4 With probability at least 1 —iBe‘h/‘leS, ki <
;272
ie”h”.

Proof: Let d, be the down degree of particle x. Recall
that ;(x) is the number of particles at the same solution
as . After redistribution, we expect Bd,k;(z)/ ), dy
particles to be placed on z. By computing the ratio
B/ y d,, we can estimate the number of particles each
of the d, neighbors of x will get. Using Corollary 1 we
find that

Zy:dy = > ) do

C zeC
> (1—a)) Nepe
C
> (170)25 |C]  e(i+1))  pechia(e) P
B c i ZC’ || IC|
BY qe(i+1)3,|D|
> (1—a)—=< D
= )ri >clCl
STRNY: LR oee
T n;

> B(l—a)/r;

where n;, n;41 are the number of solutions at levels i,
i + 1 respectively.



Let x; be the maximum cluster size during stage
i. From the discussion above, the expected number
of particles at any solution at level ¢ + 1 is at most
k = k;iri/(1 — «). The actual distribution is Poisson
with expectation x. The probability that there exist
k particles in some solution is given by x¥/kle™" <
(er/k)*e~". Choosing k = k + s this probability is at
most e*(k/(k + 5))"T5. Set s = Bk, for some 3 < 1/2.
The above probability becomes

k+0k
ePr R
(=)

Now use the Taylor series for In(1+3) to get In(1+3) >
B — 3%/2. Plugging this value in (3), the probability is
at most

{65(1+5)7(1+6) ;

—  B=(4B) In(14p))k (3)

(B2 2 =B R(1-0)/2
6752,{/4

— e—sz(l—a)/4rim. (4)

N

Choose now s = h? and ki1 = rir; /(1 — a) + 5. As-
suming without loss of generality that xo = 0, we find
that x; < ih?rirg---1;/(1 — a)t, or that x; < ie?h?,
where for the last result we used the values for a and
r; defined in Lemma 5. Substituting this value into (4)
we see that Prlr; > ie3h2] < e=h'/4c%ih® — o=h?/ae%i o
e—h/4e?, Summing over all particles B and the first ¢

stages, the probability is at most iBe—h/4’ O

We now proceed to prove that Lemma 1 is true for
stage 7 + 1.

Lemma 5 In the end of stage i, with probability at least
1—6;11, the number of particles in any two layers D, D’
at the i 4+ 1-th level of T is proportional to the sum of
the sizes of these layers, i.e.

1 |D| _ Np |D|
— i < 22 <
riv1 |D'| T Np |D’|

where 141 = ri(1 + a)?/(1 — a)® and 6,41 = & +
2€—B/cd2h8p2(n).

Proof: Let D be a child of C at level i + 1. Be-
fore the end of stage ¢ all we see is a single bipar-
tite graph between C and the union of its children.
Throwing random edges between the two layers induces
a uniform distribution on the nodes of C' and there-
fore a particular cluster will be in D with probability

pp = DI/ X precniacey 1P'I-

Denote be Np the number of particles in D. These
particles form clusters which, as in Lemma 2, are inde-
pendently distributed. By applying Chernoff bounds we
get that

INp — Mcpp| > aMcpp (5)

with probability at
most e~ (@Mcpp/ri)?/Mc o o=a®B/64x7p*(n) . Uging the
value of k; found in Lemma 4 and summing over all
layers at the same level, the probability that (5) is true
for some layer is at most p(n)efo‘zB/Chsz("), for some
small constant ¢ > 1. The number of particles in any

two layers D, D’ at level ¢ + 1 will be

Np < 1+ a Mepp
Np  —
3

< <1 + a> | D]

- 1—«a/) |D|

where the lower bound can be obtained similarly. Set-
ting 71 = (1 4+ a)?/(1 — a)®,70 = 1 we find that
ri = (1+a)*/(1 —a)®. Choosing a = (6h% + 1)1,
with % being the height of 7, r; < €/"*, for i = 0, ..., h.
To define §; we work similarly. Substituting the
value of a found above, the failure probability of
both phases is at most e~ B/ed®h®p* () which is big-
ger than the probability in Lemmas 3 and 4. Set-
ting i1 = 6 + 2e~B/’r*P’() 5. — 0 we find that
8 = 2ie~B/ed®h"p* (W) What is the probability that
the algorithm fails in reaching depth h? By choosing
B = O(d2h®p2(n)Inh), 6, < 1/4. Lemma 1 and Theo-
rem 1 then follow from the discussion above. a

D, D’ children of C,C’

l—-« Afc/pD/ ’

5 Combinatorial properties

In the previous sections we gave an algorithm that
works well for most graphs whose component tree is
constructed according to certain criteria. One such cri-
terion was that the neighbors of a node were chosen at
random. We would then like to argue that in a real life
problem, the bipartite graph between layers has to be
“random enough” for a similar analysis to work. Re-
defining our goals we would like to replace this random-
ness assumption by a set of combinatorial properties so
that every problem whose state space has these proper-
ties can be solved with high probability using the “Go
with the winners” strategy.

One combinatorial property that guarantees certain
pseudorandomness is expansion. Graphs with good ex-
pansion have the nice property, among other things, that
a random walk on the nodes of the graph is rapidly



mixing, i.e. it gets very close to the stationary distribu-
tion after a number of steps that is only polylogarithmic
on the size of the graph [Alon86, Broder86, Aldous87,
JS8g.

Definition 1 The expansion v of a graph G(V, E) with

n vertices s:
N
v = min {ﬂ} (6)
i<t U [S]

where N (S) is the set of vertices in S which are adjacent
to some vertezx in S.

Let P be the transition matrix of an ergodic Markov
Chain X with states V' = {1,2,...,n}. Then P, ; =
Pr[X;11 = j| X = i]. Let m; = mo P! be the probability
distribution of X; at time ¢ and 7 be the unique sta-
tionary distribution the chain converges independently
of the initial distribution. Denote by A(t) the distance
between m; and 7 at time ¢: A(t) = max; Im;i—ml

The lemma that relates the expansion of a graph to
the speed of a convergence to the stationary distribution
is:

Lemma 6 ([Alon86, Broder86, Aldous87, JS88])
Let G be a graph on n vertices and P the transition ma-
triz of a random walk on G. If G has expansion v then

(1- )"

min; m;

A(t) <

where d is the maximum degree of G.

Corollary 2 Fort = %(ln e +lna 1), At) <e.

min

At this point we will replace the assumption of the
existence of a random bipartite graph between a com-
ponent and the union of its children by that of the bi-
partite graph being a good expander (in the sense of
Corollary 2). However, since the bipartite graphs may
be highly unbalanced, in that one layer may have many
more nodes than the other (Condition 4 of Section 3),
we would like the bipartite graphs to be good expanders
in the following way: Suppose the bipartite graph con-
sists of two layers of nodes A and B, with A being the
top layer. Let S C B. Then we would like the following
to be true

IN(N(S)) = S| = 0lS|, [S] <[B]/2.

In other words, let x € A and y,z € B be two of the
neighbors of x. Then for every x,y, z as above, connect
Y,z by an edge and call the resulting graph on B the
induced graph Gp. Then we want Gp to be a good
expander.

Having elimininated the random edges between layers
it is no longer clear whether each layer will receive par-
ticles in proportion to its size. Fortunately enough, the
only change we need to make to the algorithm is at the
randomization phase. Let ¢ be as in Corollary 2. The
modified stage ¢ will be as follows:

e Stage i: We proceed again in two phases:

1. The redistribution phase remains the same.

2. In the randomization phase, for each new par-
ticle perform a random walk for 2t + 1 steps,
restricting the moves between levels ¢ and 7+ 1.
Thus, in odd steps, we are at a node x with
f(z) = i, and we go to a random neighbor y
with f(y) =i+ 1, and, in even steps, we are
at a node x with f(z) =i+ 1, and we go to a
random neighbor y with f(y) = i.

Go to the next stage.

The randomization phase will make sure that at the
end of the walk each particle is at a random position in
the component it started in, but at level ¢ + 1. Since
the expansion of the bipartite graph between successive
layers is large we should be able to do this by moving
each particle for a number of steps that is polylogarith-
mic in the size of the state space, or polynomial in the
size of the instance of problem II.

5.1 Analysis

To prove that the algorithm works correctly, we need to
argue that particles are distributed evenly among the
children of a layer. With some small changes we can
follow the outline of Section 4.1.

One difference in the arguments is that cluster size is
irrelevant if there is good expansion. No matter how big
clusters become during the redistribution phase, at the
end of the randomization phase, with high probability,
all clusters will be of size one since particles take inde-
pendent random walks and all such walks end in almost
the stationary distribution.

This also means that we can weaken the assumption
that relates the number of solutions of value d —1 to the
number of solutions of value d (Condition 4 of Section
3). In particular, it is not longer necessary for this ratio
to be bounded by e(d), since this assumption was needed
only to prove that clusters never become too big. So, at
this point we will replace the e(d) bound on the ratio of
two levels by any polynomial on the size of the input,
since expansion guarantees that clusters will stay small.

Due to space restrictions we only give a sketch of the
proof. Lemma 2 will still hold since the only thing we
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Figure 2: Graph G of a matchings problem where “Go
with the winners” works well.

need to show is that particles are independently dis-
tributed among the nodes of C'. This will be true how-
ever, because at the end of the randomization phase
of stage ¢ — 1, particles will be distributed among the
nodes of C' according to the stationary distribution.
Similarly, for Lemma 5 we need to show that if D is
a child of C' then a particle will be in D with prob-
ability pp = [D|/ > pr ccniacey [P'|- In the case of
an expander bipartite graph where each node has e(i)
neighbors in the i-th level, particles will be distributed
according to the stationary distribution which is uni-
form on the nodes of the children components. Even
if the bipartite graph is not regular but the stationary
probability 7p, of being in a particular child D, is pro-
portional to the size of D then the result will still be
true.

What about the running time of the algorithm? In
light of Corollary 2 the running time increases only by
a polynomial factor which corresponds to the time each
particle spends in a random walk between successsive
layers.

Theorem 2 Let T be a component tree constructed ac-
cording to the new criteria. The modified “Go with the
winners” algorithm, with B = O(d*h2¢*(n)Inh) parti-
cles, succeeds with high probability in reaching depth h
after O(hBt) steps.

6 “Go with the winners” can
beat simulated annealing

In this section we present an instance of a matchings
problem (Figure 2) where “Go with the winners” works
well. This is an one layer instance of a multilayered
version appearing in [SH88]. We were able to prove,
using an argument similar to that in [SH88], that simu-
lated annealing takes exponential time to find the per-
fect matching no matter what the cooling schedule is.

In light of the results of the previous section, to ar-
gue that “Go with the winners” succeeds in finding the
perfect matching we only had to show that the bipar-
tite graph between layers had good expansion. We were
able to do so using a canonical paths argument as in
[JS88]. In this case however, the problem was to de-
fine the paths in such a way so that they never use any
nodes (matchings of a given size) outside the two succes-
sive layers. Fortunately enough we were able to prove
that such paths exist. We now state the two results that
helped us prove that “Go with the winners” succeeds in
finding the perfect matching.

Lemma 7 The tree-decomposition for the given match-
ings problem is a path from the set of matchings of size
1 to the perfect matching of size 2n, i.e., any match-
ing of size i is transformable to any other matching of
the same size by a sequence of alternating deletions and

additions of edges of G.

We were able to prove the above lemma by showing
the existence of a path between any two matchings of
size i that passed only through matchings of values 7 —
1, 7. Since all matchings of a given size belong to the
same layer, the resulting decomposition degenerates to
a single path.

Lemma 8 The bipartite graph between matchings of
size i — 1 and i has expansion 1/poly.

To prove this result we used the techniques developed in
[JS88] for a weighted version of expansion, the conduc-
tance of a graph. By defining canonical paths between
matchings one can prove that a graph has good conduc-
tance and therefore good expansion (a canonical path
between matchings u and v is a way of transforming u
to v). Here however, the paths had to be defined in such
a way so that they stayed between the two layers. For-
tunately, for this particular example this was possible.
Using the fact that the the ratio of matchings that are
local minima over matchings that are not was bounded
by n/2, we were able to show that the ratio of any two
layers is bounded by n?/2 thus proving that Condition
4 of Section 3 is met. Due to space limitations however
we defer the proof of the above results for the journal
version of the paper.

Theorem 3 The “Go with the winners” algorithm suc-
ceeds with high probability in finding the perfect match-
ing in this instance of a matchings problem.

7 Non-layered search graphs

In this section we describe an algorithm to be used with
problems IT whose search graphs Gy are not layered, i.e.
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Figure 3: A non-layered graph Gp in (a) is equivalent
to the layered graph G7; in (b).

values of neighboring solutions in Gy do not necessarily
differ by one. The approach we take is, first, transform
the graph Gy into an equivalent layered graph Gy that
preserves the structure of solutions and second, modify
the “Go with winners” algorithm to find a good solution
in G7;. Since the first step is only a conceptual one we
can apply the modified “Go with the winners” algorithm
directly to the original search graph Gr;.

Intuitevely, we obtain the graph GJ; as follows: We
let the i-th level of Gf; consist of all the solutions of Gy
of value 7 or greater. Two solutions u, v in levels 4,7+ 1
of GY; are connected by an edge if and only if 4 = v and
the value of u is greater than ¢, or u,v are neighbors in
Gn (Figure 3). Observe now that a layer C' at depth 4
of the tree decomposition 7’ of Gf; corresponds exactly
to a component C' of Gy that contains solutions of value
1 or greater.

One drawback of this approach however is that we
cannot directly apply “Go with the winners” to Gf.
Consider what happens during the i-th stage of the al-
gorithm. In the redistribution phase particles are re-
distributed according to their down degrees. Then in
the randomization phase, each particle takes a random
walk with moves restricted between the two succesive
layers. At the end of the walk, particles will be dis-
tributed among the solutions in level i + 1 of 7’ (solu-
tions of value at least ¢ + 1 in a subcomponent of C' in
Gn) according to the stationary distribution, which is
proportional to the up degrees of solutions in level 7 + 1
of 77.

Since the invariant we want to maintain is that par-
ticles are uniformly distributed among solutions in the
i + 1-th level of 7', we can achieve this by adding an-
other redistribution phase (this time according to the
up degrees) immediately after the randomization phase
of stage 7. The analysis of the algorithm is similar to
the analysis in Sections 4 and 5, but details are omitted
from this version of the paper. When we combine these
steps, the algorithm for general search graphs becomes:

“Go with the winners” algorithm for general
search graphs

e Stage 0: Generate B random solutions. Place par-
ticles on each of these solutions.

e Stage i: Proceed in three phases. In the preredis-
tribution phase, compute for each particle x its up
degree dy, which is the number of neighbors y of
value at least ¢ — 1. Then redistribute the B par-
ticles according to their up degrees. In the postre-
distribution phase redistribute the particles accord-
ing to their down degree d¢, which is the number

of neighbors y of value ¢ or greater. Finally, in the

randomization phase, for each new particle perform

a random walk, restricting the moves as follows: in

odd steps, go to a random neighbor y with value

f(y) > 1, and, in even steps, go to a random neigh-

bor y with value f(y) > i+ 1.

Go to the next stage.

8 Conclusions and Future Re-
search

In this work we presented a new theoretical framework
for combinatorial optimization. While many heuristics
(local optimization, simulating annealing, metropolis,
genetic algorithms) can be viewed as moving particles in
a solution space, the tradeoff between time and optimal-
ity of such algorithms is difficult to analyze rigorously.

In Section 2 we described a “Go with the winners”
strategy. [AV] applied such a scheme in the concrete
setting of searching for a leaf in a tree. Taking this
idea one step further we reduced the problem of finding
a good solution for an optimization problem IT to that
of finding a deep vertex in a tree-decomposition of the
search graph of II.

In Section 3 we made a first attempt to capture the
necessary properties the solution spaces should have so
that our search algorithm can be applied successfully.
In Section 4 we performed a probabilistic analysis of
“Go with the winners” and we showed that when the
state space has the above properties a good solution
can be found quickly with high probability. In Section
5 we showed that a combinatorial property, namely ex-
pansion, was sufficient for the algorithm to work and
in Section 6 we presented a matchings problem whose
solution space had this property. Finally, in Section 7
we presented an algorithm for arbitrary search graphs.
But, while expansion is a nice property, one would ex-



pect that things in real life tend to be more complicated.
The following lemma from [DI95] makes this more clear.

Lemma 9 In a random graph chosen with edge prob-
ability p = A(n)/n, where A\(n) > 3, all but a fraction
O(e= ™) of the nodes of G are contained in a large
component whose expansion factor is 1/(A(n)logn).
The rest of the nodes are either isolated or belong to
tree components of size at most polylogarithmic in n.

In the case of a bipartite graph, these nodes corre-
spond to a part in the graph that has a tree-like struc-
ture, while the rest of the nodes correspond to a part
between the two layers that has good expansion proper-
ties. Distinguishing between the two parts is important
since particles belonging to the tree parts will form clus-
ters as they forward to the next layer, thus making the
algorithm less efficient.

We would then like to combine the ideas of Sections 4
and 5 to find a version of expansion that is both true of
random bipartite graphs and suffices for “Go with the
winners” to work well. One candidate would be to con-
sider bipartite graphs having a part with good expansion
and many smaller components of size polylogarithmic in
the size of the large component, but probably additional
assumptions need to be made for the algorithm to work.

Our “Go with the winners” algorithm seems to have
many of the same advantages as using Aldous and
Vazirani’s method supplementing simulated annealing.
Since it is also simpler, this might give better overall
performance. It would be interesting to compare the
three approaches (simulated annealing, “Go with the
winners”, or a combination as Aldous and Vazirani sug-
gested) experimentally.

Of course, to use our results, one would have to un-
derstand the structure of search spaces for real combina-
torial optimization problems. Some such problems have
been analyzed for other search algorithms. For exam-
ple, [SH88]| give an analysis of the Metropolis algorithm
for the maximal matching problem, and [JS093] analyze
the Metropolis algorithm for the bisection problem for
random graphs with planted bisections. We would like
to find similar results for “Go with the winners”.

Some of the conditions on the tree-decompositions of
graphs seem necessary for “Go with the winners” to
work well. Are they also necessary for other local op-
timization algorithms? One approach to answering this
positively is to prove a lower bound for optimization
in a restricted model that captures the notion of “local
search”, such as a modified JAG model [CR80].
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